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TRIHARMONIC ISOMETRIC IMMERSIONS INTO A
MANIFOLD OF NON-POSITIVELY CONSTANT CURVATURE
SHUN MAETA, NOBUMITSU NAKAUCHI, AND HAJIME URAKAWA
Abstract. A triharmonic map is a critical point of the 3-energy in the space
of smooth maps between two Riemannian manifold. We study the generalized
Chen’s conjecture for a triharmonic isometric immersion ϕ into a space form
of non-positively constant curvature. We show that if the domain is complete
and both the 4-energy of ϕ, and the L4-norm of the tension field τ(ϕ), are
finite, then such an immersion ϕ is minimal.
1. Introduction
Harmonic maps play a central role in geometry; they are critical points of the
energy functional E(ϕ) = 12
∫
M
|dϕ|2 vg for smooth maps ϕ of (M, g) into (N, h).
The Euler-Lagrange equations are given by the vanishing of the tension filed τ(ϕ).
In 1983, J. Eells and L. Lemaire [7] extended the notion of harmonic map to k-
harmonic map, which are, by definition, critical points of the k-energy functional
(1.1) Ek(ϕ) =
1
2
∫
M
|(d+ δ)kϕ|2 vg.
For k = 1, E1 = E, and for k = 2, after G.Y. Jiang [15] studied the first and second
variation formulas of E2 (k = 2), extensive studies in this area have been done (for
instance, see [14], [4], [18], [27], [29], [21], [19], [2], [12], [13], etc.). Notice that
harmonic maps are always biharmonic by definition.
For harmonic maps, it is well known that:
If a domain manifold (M, g) is complete and has non-negative Ricci curvature,
and the sectional curvature of a target manifold (N, h) is non-positive, then every
energy finite harmonic map is a constant map (cf. [30]).
Therefore, it is a natural question to consider k-harmonic maps into a Riemann-
ian manifold of non-positive curvature. In this connection, Baird, Fardoun and
Ouakkas (cf. [2]) showed that:
If a non-compact Riemannian manifold (M, g) is complete and has non-negative
Ricci curvature and (N, h) has non-positive sectional curvature, then every bienergy
finite biharmonic map of (M, g) into (N, h) is harmonic.
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In our previous paper ([25]), we showed without the Ricci curvature condition
of (M, g), that
Theorem 1.1. Under only the assumptions of completeness of (M, g) and non-
positivity of curvature of (N, h),
(1) every biharmonic map ϕ : (M, g) → (N, h) with finite energy and finite
bienergy must be harmonic.
(2) In the case Vol(M, g) =∞, every biharmonic map ϕ : (M, g)→ (N, h) with
finite bienergy is harmonic.
We obtained (cf. [23], [24], [25])
Theorem 1.2. Assume that (M, g) is a complete Riemannian manifold, and let ϕ :
(M, g) → (N, h) is an isometric immersion, and the sectional curvature of (N, h)
is non-positive. If ϕ : (M, g) → (N, h) is biharmonic and ∫
M
|H|2 vg < ∞, then
it is minimal. Here, H is the mean curvature normal vector field of the isometric
immersion ϕ.
The above theorems gave an affirmative answer to the generalized B.Y. Chen’s
conjecture (cf. [4]) under natural conditions:
“Every biharmonic isometric immersion into a Riemannian manifold
of non-positive curvature must be harmonic.”
Now in this paper, we will discuss the 3-energy E3, (k = 3) and a triharmonic
map which is a critical point of the 3-energy E3 in the space of smooth maps
of M into N . We first show (cf. Theorem 2.1) the first variational formula of
triharmonic maps which is of simple form in the case of an isometric immersion
into the Riemannian manifold of constant curvature (cf. Corollary 2.3). Then,
we want to show that the generalized Chen’s conjecture is true for a triharmonic
isometric immersion into a Riemannian manifold of non-positive curvature. More
precisely, we will show that
Theorem 1.3 ((cf. Theorem 2.4 and 4.1)). Assume that ϕ : (M, g)→ N(c) is an
isometric immersion of a complete Riemannian manifold (M, g) into a Riemannian
manifold N(c) of non-positively constant curvature c. In the case c < 0, if ϕ is
triharmonic and both the extended 4-energy E˜4(ϕ) =
1
2
∫
M |∆τ(ϕ)|2 vg and the L4-
norm
∫
M |τ(ϕ)|4 vg are finite, then ϕ is minimal.
In the case c = 0, the same conclusion holds if we assume more E2(ϕ) =
1
2
∫
M
|τ(ϕ)|2 vg <∞ or E3(ϕ) = 12
∫
M
|∇τ(ϕ)|2 vg <∞.
2. Preliminaries and statement of main theorem
In this section, we prepare materials for the first and second variational formulas
for the bienergy functional and biharmonic maps. Let us recall the definition of a
harmonic map ϕ : (M, g)→ (N, h), of a compact Riemannian manifold (M, g) into
another Riemannian manifold (N, h), which is an extremal of the energy functional
defined by
E(ϕ) =
∫
M
e(ϕ) vg,
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where e(ϕ) := 12 |dϕ|2 is called the energy density of ϕ. That is, for any variation
{ϕt} of ϕ with ϕ0 = ϕ,
(2.1)
d
dt
∣∣∣∣
t=0
E(ϕt) = −
∫
M
h(τ(ϕ), V )vg = 0,
where V ∈ Γ(ϕ−1TN) is a variation vector field along ϕ which is given by V (x) =
d
dt |t=0ϕt(x) ∈ Tϕ(x)N , (x ∈M), and the tension field is given by τ(ϕ) =
∑m
i=1B(ϕ)(ei, ei) ∈
Γ(ϕ−1TN), where {ei}mi=1 is a locally defined frame field on (M, g), and B(ϕ) is
the second fundamental form of ϕ defined by
B(ϕ)(X,Y ) = (∇˜dϕ)(X,Y )
= (∇˜Xdϕ)(Y )
= ∇X(dϕ(Y ))− dϕ(∇XY ),(2.2)
for all vector fields X,Y ∈ X(M). Here, ∇, and ∇N , are Levi-Civita connections
on TM , TN of (M, g), (N, h), respectively, and ∇, and ∇˜ are the induced ones on
ϕ−1TN , and T ∗M ⊗ ϕ−1TN , respectively. By (2.1), ϕ is harmonic if and only if
τ(ϕ) = 0.
The second variation formula is given as follows. Assume that ϕ is harmonic.
Then,
(2.3)
d2
dt2
∣∣∣∣
t=0
E(ϕt) =
∫
M
h(J(V ), V )vg,
where J is an elliptic differential operator, called the Jacobi operator acting on
Γ(ϕ−1TN) given by
(2.4) J(V ) = ∆V −R(V ),
where ∆V = ∇∗∇V = −∑mi=1{∇ei∇eiV −∇∇eieiV } is the rough Laplacian and R
is a linear operator on Γ(ϕ−1TN) given by R(V ) =∑mi=1RN (V, dϕ(ei))dϕ(ei), and
RN is the curvature tensor of (N, h) given by RN(U, V ) = ∇NU∇NV −∇NV∇NU−
∇N [U,V ] for U, V ∈ X(N).
J. Eells and L. Lemaire [7] proposed polyharmonic (k-harmonic) maps and Jiang
[15] studied the first and second variation formulas of biharmonic maps. Let us
consider the k-energy defined by
Ek(ϕ) =
1
2
∫
M
|(d+ δ)k ϕ|2 vg(2.5)
for a smooth map ϕ from M into N , and ϕ is called k-harmonic if it is a critical
point of Ek (k = 1, 2, 3, · · · ). Here, we also define the extended k-energy E˜k is given
(cf. [13], p.270) as follows:
E˜k(ϕ) =

∫
M
|W ℓϕ|2 vg (k = 2ℓ),∫
M
|∇W ℓϕ|2 vg (k = 2ℓ+ 1)
(2.6)
where W ℓϕ is given by
W ℓϕ = ∆ · · ·∆︸ ︷︷ ︸
ℓ−1
τ(ϕ)(2.7)
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if ℓ ≥ 1. Notice that Ek(ϕ) = E˜k(ϕ) (k = 1, 2, 3), but for k = 4, it holds that
E4(ϕ) =
1
2
∫
M
|(d+ δ)(d+ δ)τ(ϕ)|2 vg
=
1
2
∫
M
|d d τ(ϕ)|2 vg + 1
2
∫
M
|∆τ(ϕ)|2 vg
=
1
2
∫
M
|d d τ(ϕ)|2 vg + E˜4(ϕ).(2.8)
If ℓ = 0, we put W 0ϕ = ϕ and E1(ϕ) =
1
2
∫
M
|∇ϕ|2 vg = 12
∫
M
|dϕ|2 vg. For k = 1,
E1 = E˜1 = E, and for k = 2, the bienergy functional E2 is given by
(2.9) E2(ϕ) =
1
2
∫
M
|τ(ϕ)|2vg,
where |V |2 = h(V, V ), V ∈ Γ(ϕ−1TN). Then, the first variation formula of the
bienergy functional is given by
(2.10)
d
dt
∣∣∣∣
t=0
E2(ϕt) = −
∫
M
h(τ2(ϕ), V )vg.
Here,
(2.11) τ2(ϕ) := J(τ(ϕ)) = ∆(τ(ϕ)) −R(τ(ϕ)),
which is called the bitension field of ϕ, and J is given in (2.4). A smooth map ϕ of
(M, g) into (N, h) is said to be biharmonic if τ2(ϕ) = 0.
For k = 3, the first variation formula of the trienergy E3 given by
(2.12) E3(ψ) =
1
2
∫
M
|(d+ δ)(d + δ)(d+ δ)ψ|2 vg
is given as follows:
Theorem 2.1. The first variational formula of E3 is given by
d
dt
∣∣∣∣
t=0
E3(ϕt) = −
∫
M
〈τ3(ϕ), V 〉 vg,(2.13)
τ3(ϕ) = J(∆(τ(ϕ))) −
m∑
i=1
RN(∇eiτ(ϕ), τ(ϕ))dϕ(ei).(2.14)
Here, τ3(ϕ) is called the tritension field of ϕ.
For completeness, we give a proof. The proof is standard.
For V ∈ Γ(ϕ−1TN), let ϕt (−ǫ < t < ǫ) of ϕ be a C∞ variation of V with ϕ0 = ϕ,
V (x) = ddt
∣∣
t=0
ϕt(x) (x ∈ M). Let us define a C∞ map F : (−ǫ, ǫ) ×M → N , in
such a way that {
F (0, x) = ϕ(x), x ∈M,
F (t, x) = ϕt(x), −ǫ < t < ǫ, x ∈M.
We need the following lemma.
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Lemma 2.2. For every smooth vector field X in M ,
∇ ∂
∂t
∇Xτ(F )
∣∣∣∣
t=0
= −∇X(∆V ) +
m∑
j=1
∇X
(
RN (V, dϕ(ej))dϕ(ej)
)
+RN(V, dϕ(X))τ(ϕ),(2.15)
where {ej}mj=1 is a locally defined orthonormal frame field on (M, g).
Proof. Since [ ∂∂t , X ] = 0, we have
∇ ∂
∂t
(∇Xτ(F )) = ∇X(∇ ∂
∂t
τ(F )
)
+RN
(
dF
( ∂
∂t
)
, dF (X)
)
τ(F ).(2.16)
Due to (23) and (22) in Jiang’s paper ([15], English version, p. 214), we have
∇ ∂
∂t
τ(F )
∣∣∣∣
t=0
= ∇ ∂
∂t
( m∑
j=1
(∇˜ejdF )(ej)
)∣∣∣∣
t=0
= −∆V +
m∑
j=1
RN(V, dϕ(ej))dϕ(ej).(2.17)
By substituting (2.17) into (2.16), we have (2.15). 
Proof of Theorem 2.1. By definition of E3, we have for every C
∞ map ϕ : M → N ,
E3(ϕ) =
1
2
∫
M
〈d(δdϕ), d(δdϕ)〉 vg
=
1
2
∫
M
m∑
i=1
〈∇ei(τ(ϕ)),∇ei(τ(ϕ))〉 vg .(2.18)
By Lemma 2.2, we have for a C∞ variation ϕt of V with ϕ0 = ϕ,
d
dt
∣∣∣∣
t=0
E3(ϕt) =
∫
M
m∑
i=1
〈∇ ∂
∂t
(∇eiτ(F )),∇eiτ(F )〉 vg
∣∣∣∣
t=0
=
∫
M
m∑
i=1
〈
−∇ei(∆V ) +
m∑
j=1
∇ei
(
RN (V, dϕ(ej))dϕ(ej)
)
+ RN(V, dϕ(ei))τ(ϕ),∇ei(τ(ϕ))
〉
vg.(2.19)
Here, by using formula for every ωj ∈ Γ(ϕ−1TN), (j = 1, 2),∫
M
m∑
i=1
〈∇eiω1,∇eiω2〉 vg =
∫
M
〈∆ω1, ω2〉 vg,(2.20)
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we have
d
dt
∣∣∣∣
t=0
E3(ϕt) =
∫
M
〈V,−∆2τ(ϕ)〉 vg
+
∫
M
m∑
j=1
〈RN (V, dϕ(ej))dϕ(ej),∆τ(ϕ)〉 vg
+
∫
M
m∑
j=1
〈RN (V, dϕ(ej))τ(ϕ),∇ej τ(ϕ)〉 vg
=
∫
M
〈
V,−∆2τ(ϕ) +
m∑
j=1
RN (∆τ(ϕ), dϕ(ej))dϕ(ej)
+
m∑
j=1
RN (∇ej τ(ϕ), τ(ϕ))dϕ(ej )
〉
vg,
in which we used the property 〈RN (v3, v4)v2, v1〉 = 〈RN (v1, v2)v4, v3〉. We have
Theorem 2.1. 
Corollary 2.3. Assume that (N, h) is an n-dimensional Riemannian manifold
(N(c), h) of constant curvature c, and let ϕ : (M, g) → N(c) be an isometric
immersion. Then, we have
τ3(ϕ) = ∆
2
τ(ϕ) −
m∑
j=1
RN (∆τ(ϕ), dϕ(ej))dϕ(ej)
− c h(τ(ϕ), τ(ϕ)) τ(ϕ).(2.21)
Proof. Since RN(X,Y )Z = c {h(Y, Z)X − h(X,Z)Y }, (X,Y, Z ∈ X(N)), we have
m∑
j=1
RN(∇ejτ(ϕ), τ(ϕ))dϕ(ej ) =
m∑
j=1
c {h(τ(ϕ), dϕ(ej))∇ejτ(ϕ)
− h(∇ej τ(ϕ), dϕ(ej)) τ(ϕ)}
= −c
m∑
j=1
h(∇ejτ(ϕ), dϕ(ej)) τ(ϕ).(2.22)
Because the tension field τ(ϕ) is orthogonal to the subspace dϕ(TxM) (x ∈ M)
since ϕ : (M, g)→ N(c) is an isometric immersion. Then,
m∑
j=1
h(∇ej τ(ϕ), dϕ(ej)) =
m∑
j=1
{ej(h(τ(ϕ), dϕ(ej))) − h(τ(ϕ),∇ej (dϕ(ej)))}
= −h(τ(ϕ),
m∑
j=1
∇ej(dϕ(ej)))
= −h(τ(ϕ), τ(ϕ) +
m∑
j=1
dϕ(∇ej ej))
= −h(τ(ϕ), τ(ϕ))(2.23)
TRIHARMONIC ISOMETRIC IMMERSIONS 7
since τ(ϕ) =
∑m
j=1{∇ej (dϕ(ej)) − dϕ(∇ej ej)}. By substituting (2.23) into (2.22),
(2.22) is equal to c h(τ(ϕ), τ(ϕ)) τ(ϕ). Then, the right hand side of (2.14) is equal
to J(∆(τ(ϕ))) − c h(τ(ϕ), τ(ϕ)) τ(ϕ). We obtain Corollary 2.3. 
Then, we can state our main theorem.
Theorem 2.4. Let ϕ : (M, g) → N(c) be an isometric immersion of a complete
Riemannian manifold (M, g) into a Riemannian manifold N(c) of non-positively
constant curvature c.
(1) In the case of c < 0, if ϕ is triharmonic and both the extended 4-energy
E˜4(ϕ) =
1
2
∫
M
|∆τ(ϕ)|2 vg and the L4-norm
∫
M
|τ(ϕ)|4 vg are finite, then ϕ is har-
monic, i.e., minimal.
(2) In the case of c = 0, and Vol(M, g) =∞, if ϕ is triharmonic, and E˜4(ϕ) =
1
2
∫
M |∆τ(ϕ)|2 vg <∞, E2(ϕ) = 12
∫
M |τ(ϕ)|2 vg < ∞ and
∫
M |τ(ϕ)|4 vg <∞, then
ϕ is harmonic, i.e., minimal.
(3) In the case of c = 0 and Vol(M, g) < ∞, if ϕ is triharmonic, and E˜4(ϕ) =
1
2
∫
M
|∆τ(ϕ)|2 vg < ∞, E3(ϕ) = 12
∫
M
|∇τ(ϕ)|2 vg < ∞ and
∫
M
|τ(ϕ)|4 vg < ∞,
then ϕ is harmonic, i.e., minimal.
3. Proof of Theorem 2.4
In this section, we will give a proof of Theorem 2.4 which consists of eight steps.
Proof of Theorem 2.4. (The first step) For a fixed point x0 ∈ M , and for every
0 < r < ∞, we first take a cut-off C∞ function η on M (for instance, see [16])
satisfying that
(3.1)

0 ≤η(x) ≤ 1 (x ∈M),
η(x) = 1 (x ∈ Br(x0)),
η(x) = 0 (x 6∈ B2r(x0)),
|∇η| ≤ 2
r
(x ∈M).
For a triharmonic map ϕ : (M, g)→ N(c), the tritension field is given as
τ3(ϕ) = ∆
2
(τ(ϕ)) −
m∑
i=1
RN(∆τ(ϕ), dϕ(ei))dϕ(ei)
− c h(τ(ϕ), τ(ϕ)) τ(ϕ)
= 0,(3.2)
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where ∆ = −∑mi=1{∇ei∇ei − ∇∇eiei}. By taking the inner product of (3.2) and
∆τ(ϕ) η2 and integrate over M , so we have∫
M
〈∆2(τ(ϕ)), ∆τ(ϕ) η2〉 vg
−
∫
M
m∑
i=1
〈RN (∆τ(ϕ), dϕ(ei))dϕ(ei),∆τ(ϕ)〉 η2 vg
− c
∫
M
〈τ(ϕ), τ(ϕ)〉 〈τ(ϕ),∆τ(ϕ)〉 η2 vg
= 0.(3.3)
(The second step) For the first term of the left hand side of (3.3),∫
M
〈∆2(τ(ϕ)), ∆τ(ϕ) η2〉 vg =
∫
M
m∑
i=1
〈∇ei(∆τ(ϕ)),∇ei(∆τ(ϕ) η2)〉 vg.(3.4)
Here by using that ei(η
2) = 2η ei(η) and
∇ei(∆τ(ϕ) η2) = ∇ei(∆τ(ϕ)) η2 + 2η∇eiη∆τ(ϕ),
(3.4) coincides with∫
M
|∇∆τ(ϕ)|2 η2 vg
+ 2
∫
M
m∑
i=1
〈η∇ei(∆τ(ϕ)),∇eiη∆τ(ϕ)〉 vg ,(3.5)
where we used
|∇∆τ(ϕ)|2 =
m∑
i=1
〈∇ei(∆τ(ϕ)),∇ei(∆τ(ϕ))〉.
For the second term of (3.5), put Si := η∇ei(∆τ(ϕ)), and Ti := ∇eiη∆τ(ϕ)
(i = 1 · · · ,m), and recall the Young’s inequality: for every ǫ > 0,
±2〈Si, Ti〉 ≤ ǫ |Si|2 + 1
ǫ
|Ti|2,
because of the inequality 0 ≤ |√ǫ Si ± 1√ǫ Ti|2. Therefore, (3.5) is bigger than or
equal to∫
M
|∇∆τ(ϕ)|2 η2 vg
−
{
ǫ
∫
M
η2 |∇∆τ(ϕ)|2 vg + 1
ǫ
∫
M
|∇η|2 |∆τ(ϕ)|2 vg
}
= (1− ǫ)
∫
M
|∇∆τ(ϕ)|2 η2 vg − 1
ǫ
∫
M
|∆τ(ϕ)|2 |∇η|2 vg.(3.6)
TRIHARMONIC ISOMETRIC IMMERSIONS 9
(The third step) For the second term of the left hand side of (3.3),
−
∫
M
m∑
i=1
〈RN(∆τ(ϕ), dϕ(ei))dϕ(ei),∆τ(ϕ)〉 η2 vg
=
∫
M
η2
m∑
i=1
〈RN (dϕ(ei),∆τ(ϕ))dϕ(ei),∆τ(ϕ)〉 vg
= c
∫
M
η2
m∑
i=1
{
〈∆τ(ϕ), dϕ(ei)〉2 − 〈dϕ(ei), dϕ(ei)〉 〈∆τ(ϕ),∆τ(ϕ)〉
}
vg
= c
∫
M
η2
{
〈∆τ(ϕ), dϕ〉2 − |∆τ(ϕ)|2 |dϕ|2
}
vg
≥ 0(3.7)
since c ≤ 0.
(The fourth step) For the third term of the left hand side of (3.3), since
〈τ(ϕ),∆τ(ϕ)〉 = 1
2
∆ |τ(ϕ)|2 + |∇τ(ϕ)|2,
and
|τ(ϕ)|2 ∆ |τ(ϕ)|2 = 1
2
∆ |τ(ϕ)|4 + | ∇ |τ(ϕ)|2 |2,
we have
−c
∫
M
〈τ(ϕ), τ(ϕ)〉 〈τ(ϕ),∆τ(ϕ)〉 η2 vg
= − c
2
∫
M
|τ(ϕ)|2 ∆ |τ(ϕ)|2 η2 vg
− c
∫
M
|τ(ϕ)|2 |∇τ(ϕ)|2 η2 vg
= − c
4
∫
M
∆ |τ(ϕ)|4 η2 vg − c
2
∫
M
| ∇ |τ(ϕ)|2 |2 η2 vg
− c
∫
M
|τ(ϕ)|2 |∇τ(ϕ)|2 η2 vg
= − c
4
∫
M
m∑
i=1
〈∇ei |τ(ϕ)|4,∇eiη2〉 vg −
c
2
∫
M
| ∇ |τ(ϕ)|2 |2 η2 vg
− c
∫
M
|τ(ϕ)|2 |∇τ(ϕ)|2 η2 vg
= − c
2
∫
M
η
m∑
i=1
〈∇ei |τ(ϕ)|4,∇eiη〉 vg −
c
2
∫
M
| ∇ |τ(ϕ)|2 |2 η2 vg
− c
∫
M
|τ(ϕ)|2 |∇τ(ϕ)|2 η2 vg.(3.8)
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(The fifth step) Here, we have
m∑
i=1
| 〈∇ei |τ(ϕ)|4,∇eiη〉 | ≤
m∑
i=1
| ∇ei |τ(ϕ)|4 | |∇η|
= |∇ |τ(ϕ)|4| |∇η|,(3.9)
so that we have, since c ≤ 0,
(3.8) ≥ c
2
∫
M
| ∇ |τ(ϕ)|4 | η |∇η| vg
− c
2
∫
M
| ∇ |τ(ϕ)|2 |2 η2 vg
− c
∫
M
|τ(ϕ)|2 |∇ τ(ϕ)|2 η2 vg.(3.10)
Since we have
| ∇ |τ(ϕ)|4 | = 2 |τ(ϕ)|2 · | ∇ |τ(ϕ)|2 |,
the right hand side of (3.10) is equal to
c
∫
M
| ∇ |τ(ϕ)|2 | η · |τ(ϕ)|2 |∇η| vg
− c
2
∫
M
| ∇ |τ(ϕ)|2 |2 η2 vg
− c
∫
M
|τ(ϕ)|2 |∇ τ(ϕ)|2 η2 vg.(3.11)
Now applying again for A := | ∇ |τ(ϕ)|2 | η, and B := |τ(ϕ)|2 |∇η|, the Young’s
inequality: for every positive number δ > 0,
±2 〈A,B〉 ≤ δ |A|2 + 1
δ
|B|2,
we obtain because of c ≤ 0,
(3.11) ≥ c δ
2
∫
M
| ∇ |τ(ϕ)|2 |2 η2 vg + c
2δ
∫
M
|τ(ϕ)|4 |∇η|2 vg
− c
2
∫
M
|∇ |τ(ϕ)|2 |2 η2 vg
− c
∫
M
|τ(ϕ)|2 |∇τ(ϕ) |2 η2 vg
= − c
2
(1− δ)
∫
M
| ∇ |τ(ϕ)|2 |2 η2 vg
+
c
2δ
∫
M
|τ(ϕ)|4 |∇η|2 vg
− c
∫
M
|τ(ϕ)|2 |∇ τ(ϕ)|2 η2 vg.(3.12)
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By putting δ = 12 , we obtain
(3.12) = − c
4
∫
M
| ∇ |τ(ϕ)|2 |2 η2 vg
+ c
∫
M
|τ(ϕ)|4 |∇η|2 vg
− c
∫
M
|τ(ϕ)|2 |∇ τ(ϕ)|2 η2 vg.(3.13)
(The sixth step) All together the above, we obtain
0 ≥ (1− ǫ)
∫
M
|∇∆τ(ϕ)|2 η2 vg − 1
ǫ
∫
M
|∆τ(ϕ)|2 |∇η|2 vg
− c
4
∫
M
| ∇ |τ(ϕ)|2 |2 η2 vg + c
∫
M
|τ(ϕ)|4 |∇η|2 vg
− c
∫
M
|τ(ϕ)|2 |∇ τ(ϕ)|2 η2 vg(3.14)
which is equivalent to that
1
ǫ
∫
M
|∆τ(ϕ)|2 |∇η|2 vg − c
∫
M
|τ(ϕ)|4 |∇η|2 vg
≥ (1− ǫ)
∫
M
|∇∆τ(ϕ)|2 η2 vg − c
4
∫
M
| ∇ |τ(ϕ)|2 |2 η2 vg
− c
∫
M
|τ(ϕ)|2 |∇ τ(ϕ)|2 η2 vg.(3.15)
Here, we put ǫ = 12 in (3.15), and notice that η = 1 on Br(x0), and |∇η| ≤ 2r .
Then, we have
8
r2
∫
M
|∆τ(ϕ)|2 vg − 4c
r2
∫
M
|τ(ϕ)|4 vg
≥ 1
2
∫
Br(x0)
|∇∆τ(ϕ)|2 vg − c
4
∫
Br(x0)
| ∇ |τ(ϕ)|2 |2 vg
− c
∫
Br(x0)
|τ(ϕ)|2 |∇ τ(ϕ)|2 vg.(3.16)
(The seventh step) By virtue of our assumptions that
∫
M
|∆τ(ϕ)|2 vg <∞ and∫
M |τ(ϕ)|4 vg < ∞, and Br(x0) goes to M if r → ∞ because of completeness of
(M, g), the left hand side of (3.16) goes to zero if r →∞. We obtain
1
2
∫
M
|∇∆τ(ϕ)|2 vg − c
4
∫
M
| ∇ |τ(ϕ)|2 |2 vg
− c
∫
M
|τ(ϕ)|2 |∇ τ(ϕ)|2 vg
≤ 0.(3.17)
Since c ≤ 0, all the terms of (3.17) are non-negative and we have
(3.18) ∇∆τ(ϕ) = 0.
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In the case c < 0, we have
(3.19)

∇∆τ(ϕ) = 0,
∇ |τ(ϕ)|2 = 0,
|τ(ϕ)|2 |∇τ(ϕ)|2 = 0.
Notice that by (3.18), |∆τ(ϕ)|2 is constant, say c0. Because, for every C∞ vector
field X on M , by (3.18),
X |∆τ(ϕ)|2 = 2 〈∇X ∆τ(ϕ),∆τ(ϕ)〉 = 0.
(The eighth step) In the case that c < 0, by the second equation of (3.19),
|τ(ϕ)|2 is constant. Therefore, by the last equation of (3.19), it holds that |τ(ϕ)| ≡ 0
or |∇τ(ϕ)|2 = 0, i.e., ∇τ(ϕ) ≡ 0. We have ∆τ(ϕ) ≡ 0. Since ϕ : (M, g)→ N(c) is
triharmonic, (3.2) holds. Substituting ∆τ(ϕ) ≡ 0 in (3.2), we obtain τ(ϕ) ≡ 0 in
the case of c < 0.
In the case that c = 0 and Vol(M, g) =∞, we have
∞ > E˜4(ϕ) = E4(ϕ) = 1
2
∫
M
|∆τ(ϕ)|2 vg = c0Vol(M, g).
Thus, we obtain c0 = 0, i.e., ∆τ(ϕ) ≡ 0, i.e., ϕ is a biharmonic map of (M, g)
into the Euclidean space N(0). Then, applying (2) in Theorem 2.1 of [25], or
Theorem 3.1 in [26], ϕ is harmonic, i.e., minimal, by virtue of the assumption that
the bienergy E2(ϕ) =
1
2
∫
M |τ(ϕ)|2 is finite.
In the case that c = 0 and Vol(M, g) < ∞, we have E(ϕ) = m2 Vol(M, g) < ∞
since ϕ is an isometric immersion. Furthermore, we have that
E2(ϕ) =
1
2
∫
M
|τ(ϕ)|2 vg ≤ 1
2
(∫
M
1 vg
)1/2 (∫
M
|τ(ϕ)|4 vg
)1/2
<∞.
By virtue of the assumption that the 4-energy E4(ϕ) and the 3-energy E3(ϕ) =
1
2
∫
M
|∇τ(ϕ)|2 vg are finite, we can apply again Theorem 3.1 in [26], and then we
also obtain τ(ϕ) = 0, i.e., ϕ is minimal.
We have Theorem 2.4. 
4. Triharmonic isometric immersions with the constant mean
curvature
In the case that |τ(ϕ)| is constant, that is, the mean curvature is constant,
the finiteness of
∫
M |∆τ(ϕ)|2 vg in Theorem 2.4 can be replaced into the weaker
condition as follows.
Theorem 4.1. Let ϕ : (M, g) → N(c) be an isometric immersion with the con-
stant mean curvature from a complete Riemannian manifold (M, g) into a Rie-
mannian manifold N(c) of negatively constant curvature c. If ϕ is triharmonic and
1
2
∫
M |∆τ(ϕ)|p vg <∞ (for some 2 ≤ p <∞), then ϕ is harmonic, i.e., minimal.
Before mentioning the proof of Theorem 4.1, we shall show the following lemma.
Lemma 4.2. Assume that α ∈ Γ(ϕ−1TN) satisfies that
|α|q |∇α|2 = 0 (for some q > 0).
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Then, (1) |α| is constant everywhere on M , and then
(2) either α = 0 or ∇α = 0.
Proof. We first notice that for every α ∈ Γ(ϕ−1TN), it holds that
| ∇ |α| | ≤ |∇α| (everywhere on the set {x ∈M | |αx 6= 0}).(4.1)
Because
|α| |∇ |α| | = 1
2
|∇ |α|2 |
=
1
2
| ∇h(α, α)|
= |h(∇α, α)|
≤ |∇α| |α|,(4.2)
so we obtain (4.1) due to (4.2).
Therefore, we have
0 ≤ |α|q |∇ |α| |2 ≤ |α|q |∇α|2 = 0(4.3)
everywhere on M . Thus, we have
|α|q | ∇ |α| |2 = 0.(4.4)
By (4.4), we have(
2
q + 2
)2 ∣∣∇ |α| q2+1∣∣2 = ( 2
q + 2
)2 ∣∣∣∣(q2 + 1
)
|α|q/2∇ |α|
∣∣∣∣2
= |α|q |∇ |α| |2
= 0.(4.5)
We have
∇ |α| q2+1 = 0,(4.6)
which implies that |α|q/2+1 is constant, i.e., |α| is a constant, say C0. Then,
(1) in the case that C0 = 0, we have α = 0. (2) In the case that C0 6= 0, we have
C0
q |∇α|2 = |α|q |∇α|2
= 0(4.7)
by virtue of the assumption of Lemma 4.2. We obtain ∇α = 0. 
By using Lemma 4.2, we shall show Theorem 4.1.
Proof of Theorem 4.1. We will use an argument similar to the proof of Theorem 2.4.
We take the cut-off function in the first step of the proof of Theorem 2.4. By
taking the inner product of (3.2) and |∆τ(ϕ)|p−2 ∆τ(ϕ) η2 and integrate over M ,
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so we have∫
M
〈∆2(τ(ϕ)), |∆τ(ϕ)|p−2 ∆τ(ϕ) η2〉 vg
−
∫
M
m∑
i=1
〈RN(∆τ(ϕ), dϕ(ei))dϕ(ei), |∆τ(ϕ)|p−2 ∆τ(ϕ)〉 η2 vg
− c
∫
M
〈τ(ϕ), τ(ϕ)〉 〈τ(ϕ), |∆τ(ϕ)|p−2 ∆τ(ϕ)〉 η2 vg
= 0.(4.8)
For the first term of the left hand side of (4.8),∫
M
〈∆2(τ(ϕ)), |∆τ(ϕ)|p−2 ∆τ(ϕ) η2〉 vg
=
∫
M
m∑
i=1
〈∇ei(∆τ(ϕ)),∇ei(|∆τ(ϕ)|p−2 ∆τ(ϕ) η2)〉 vg.(4.9)
Here we use
∇ei |∆τ(ϕ)|p−2 = (p− 2)|∆τ(ϕ)|p−4〈∇ei∆τ(ϕ),∆τ(ϕ)〉,
and then the right hand side of (4.9) coincides with∫
M
|∆τ(ϕ)|p−2 |∇∆τ(ϕ)|2 η2 vg
+ 2
∫
M
m∑
i=1
〈η |∆τ(ϕ)| p2−1∇ei(∆τ(ϕ)),∇eiη |∆τ(ϕ)|
p
2
−1∆τ(ϕ)〉 vg
+ (p− 2)
∫
M
m∑
i=1
|∆τ(ϕ)|p−4 〈∇ei(∆τ(ϕ)),∆τ(ϕ)〉2 η2vg.(4.10)
For the second term of (4.10), put Si := η |∆τ(ϕ)| p2−1∇ei(∆τ(ϕ)), and Ti :=
∇eiη |∆τ(ϕ)|
p
2
−1∆τ(ϕ) (i = 1 · · · ,m), and recall the Young’s inequality: for every
ǫ > 0,
±2〈Si, Ti〉 ≤ ǫ |Si|2 + 1
ǫ
|Ti|2,
because of the inequality 0 ≤ |√ǫ Si ± 1√ǫ Ti|2. Therefore, (4.10) is bigger than or
equal to∫
M
|∆τ(ϕ)|p−2|∇∆τ(ϕ)|2 η2 vg
−
{
ǫ
∫
M
η2 |∆τ(ϕ)|p−2|∇∆τ(ϕ)|2 vg + 1
ǫ
∫
M
|∇η|2 |∆τ(ϕ)|p vg
}
= (1− ǫ)
∫
M
η2 |∆τ(ϕ)|p−2|∇∆τ(ϕ)|2 vg − 1
ǫ
∫
M
|∇η|2 |∆τ(ϕ)|p vg.(4.11)
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For the second term of the left hand side of (4.8), by the same reason of the
third step of Theorem 2.4, we have
−
∫
M
m∑
i=1
〈RN (∆τ(ϕ), dϕ(ei))dϕ(ei),∆τ(ϕ)〉|∆τ(ϕ)|p−2 η2 ≥ 0.(4.12)
For the third term of the left hand side of (4.8), since the mean curvature is
constant,
〈τ(ϕ),∆τ(ϕ)〉 = |∇τ(ϕ)|2.
By using this, the third term of the left hand side of (4.8) is equal to
− c
∫
M
〈τ(ϕ), τ(ϕ)〉 〈τ(ϕ),∆τ(ϕ)〉 |∆τ(ϕ)|p−2 η2 vg
= −c
∫
M
|∆τ(ϕ)|p−2|τ(ϕ)|2 |∇τ(ϕ)|2 η2 vg.(4.13)
Combining (4.11), (4.12) and (4.13), and noticing that η = 1 on Br(x0), we have
(1− ǫ)
∫
Br(x0)
η2 |∆τ(ϕ)|p−2|∇∆τ(ϕ)|2 vg
− c
∫
Br(x0)
|∆τ(ϕ)|p−2|τ(ϕ)|2 |∇τ(ϕ)|2 η2 vg
≤ 1
ǫ
∫
M
|∇η|2 |∆τ(ϕ)|p vg
≤ 1
ǫ
4
r2
∫
M
|∆τ(ϕ)|p vg,(4.14)
where the last inequality follows from |∇η| ≤ 2r . By virtue of our assumptions that∫
M |∆τ(ϕ)|p vg < ∞ and Br(x0) goes to M if r → ∞ because of completeness of
(M, g), the right hand side of (4.14) goes to zero if r →∞. We obtain
(1− ǫ)
∫
M
|∆τ(ϕ)|p−2|∇∆τ(ϕ)|2 vg − c
∫
M
|∆τ(ϕ)|p−2|τ(ϕ)|2 |∇τ(ϕ)|2 vg ≤ 0.
(4.15)
Since we can take that 0 < ǫ < 1, and the assumption c < 0, all the terms of (4.15)
are non-negative and we have
(4.16)
{ |∆τ(ϕ)|p−2|∇∆τ(ϕ)|2 = 0,
|∆τ(ϕ)|p−2|τ(ϕ)|2 |∇τ(ϕ)|2 = 0.
If we put α := ∆ τ(ϕ), (4.16) is equivalent to that
|α|p−2 |∇α|2 = 0,(4.17)
and
|α|p−2 |τ(ϕ)|2 |∇τ(ϕ)|2 = 0.(4.18)
Applying Lemma 4.2, for putting q := p− 2 > 0, by (4.17), we have |∆ τ(ϕ)| = |α|
is a constant, say C1.
In the Case (I): C1 = 0, we have
∆ τ(ϕ) = α = 0 (everywhere on M.)
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By vanishing of the tritension field (3.2), we have τ(ϕ) = 0 on M .
In the Case (II): C1 6= 0, we have by (4.18),
|τ(ϕ)|2 |∇ τ(ϕ)|2 = 0.(4.19)
By applying Lemma 4.2 for α := τ(ϕ) and q = 2, we have |τ(ϕ)| is a constant, say
C2. In the case (II-i) C2 = 0, we clearly have τ(ϕ) = 0 on M . In the case (II-ii)
C2 6= 0, we have ∇ τ(ϕ) = 0 on M by virtue of (4.19). Then, we have ∆τ(ϕ) = 0
on M which contradicts that C1 6= 0. This case (II-ii) does not occur. 
Remark 4.3. (1) Let ϕ : (M, g) → N(0) = En be an isometric immersion
of a complete Riemannian manifold (M, g) into the Euclidean space N(0) with
|τ(ϕ)| is constant. In the case that Vol(M, g) < ∞, if ϕ is triharmonic and both∫
M |τ(φ)|p vg < ∞ (for some 2 ≤ p < ∞) and the 3-energy is finite, then ϕ is
harmonic, i.e., minimal (cf. [22]).
(2) In the case that Vol(M, g) =∞, if ϕ : (M, g)→ (N, h) is a smooth map from
a Riemannian manifold (M, g) into a Riemannian manifold (N, h) with |τ(ϕ)| is
constant and
∫
M |τ(ϕ)|p vg <∞ (for some 0 < p <∞), then ϕ is harmonic.
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